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LetM be an associatedmatrix of a graphG (the adjacency, Laplacian
and signless Laplacianmatrix). Two graphs are said to be cospectral
with respect toM if they have the sameM spectrum. A graph is said
tobedeterminedbyM spectrum if there is noothernon-isomorphic
graph with the same spectrum with respect to M. It is shown that
T-shape trees are determined by their Laplacian spectra. Moreover
among them those are determined by their adjacency spectra are
characterized. In this paper,we identify graphswhich are cospectral
to a given T-shape treewith respect to the signless Laplacianmatrix.
Subsequently, T-shape treeswhich are determined by their signless
Laplacian spectra are identiﬁed.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, we are only concerned with undirected simple graphs (loops and multiple edges
are not allowed). Let G be a graph with n vertices, m edges and the adjacency matrix A. Let D be the
diagonal matrix of vertex degrees. The matrices L = D − A and Q = D + A are called the Laplacian
matrixand signless LaplacianmatrixofG, respectively. SinceA, L andQ are real symmetricmatrices, their
eigenvalues are real numbers. Sowe can assume that λ1  λ2  · · · λn are the adjacency eigenvalues
ofG.Wedenote the characteristic polynomial of the adjacencymatrix and the signless Laplacianmatrix
of G by PG(λ) and QG(λ), respectively. Let M be an associated matrix of a graph G (the adjacency,

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Laplacian and signless Laplacian matrix). The multiset of eigenvalues ofM is called theM spectrum of
G. Two graphs are said to be cospectral with respect to M if they have the same M spectrum. We say
that two graphs are Q-cospectral (resp. A-cospectral) if they are cospectral with respect to the signless
Laplacian matrix (resp. adjacency matrix). A graph is said to be determined (DS for short) by the M
spectrum if there is no other non-isomorphic graph with the same spectrum of M. Up to now only
few families of DS graphs are known. For some known results, on this problem, we refer the reader to
[2,5,8] and the references therein.
A tree is called starlike if it has exactly one vertex of degree greater than two. We will denote
by S(l1, l2, . . . , ln) the unique starlike tree such that S(l1, l2, . . . , ln) − v = Pl1 ∪ Pl2 ∪ · · · ∪ Pln , where
Pli is the path on li vertices (i = 1, . . . , n) and v is the vertex of degree greater than two. A starlike
with maximum degree 3 is called a T-shape and is denoted by T(l1, l2, l3). In [7], it is shown that
T(1, 1, n − 1) and some graphs related to it are determined by their adjacency spectra as well as their
Laplacian spectra. In [9], Wang and Xu proved that T(l1, l2, l3) is determined by its adjacency spectrum
if and only if (l1, l2, l3) /= (l, l, 2l − 2) for any integer l 2. Moreover in [10] they showed that each
T-shape tree is determined by its Laplacian spectrum. Tajbakhsh and the author (see [6]) showed
that starlike trees are determined by their Laplacian spectra. In this paper, we identify graphs which
are cospectral to a given T-shape tree with respect to the signless Laplacian matrix. Subsequently, all
DS, T-shape trees with respect to the signless Laplacian matrix are characterized.
2. Preliminaries
First we give some facts that are needed in the next section.
Lemma 1 ([8], Interlacing). Suppose that A is a symmetric n × n matrix with eigenvalues λ1  λ2  · · ·
 λn. Then the eigenvalues μ1 μ2  · · ·μm of a principal submatrix of A of size m satisfy λi μi 
λn−m+i for i = 1, . . . ,m.
Lemma 2 [1]. Let v be a vertex of a graph G and let C(v) denote the collection of cycles containing v. Then
the characteristic polynomial of G satisﬁes
PG(λ) = λPG−v(λ) −
∑
u∼v
PG−{v,u}(λ) − 2
∑
C∈C(v)
PG−V(C)(λ).
Lemma 3 [8]. Let G be a graph. For the adjacency, Laplacian and signless Laplacian matrix the following
can be obtained from the spectrum:
(i) The number of vertices.
(ii) The number of edges.
For the adjacency matrix the following follows from the spectrum:
(iii) The number of closed walks of any length.
The line graph of a starlike tree S(l1, l2, . . . , ln) is called the sunlike graph and denoted by K(l1,
l2, . . . , ln).
Theorem 1 [4]. Let K(l1, l2, . . . , ln) and K(l
′
1, l
′
2, . . . , l
′
m) be two A-cospectral sunlike graphs. Then they are
isomorphic.
Lemma 4 [1]. Let G be a connected graph and let H be a proper subgraph of G. Then λ1(H) < λ1(G).
Lemma 5 [1]. Let G and H be connected graphs and let {G,H} /= {K1,3, K3}. Then G and H are isomorphic
if and only if their line graphs L(G) and L(H) are isomorphic.
Lemma 6 [3]. Let G be a connected graph that is not isomorphic to Wn,whereWn is a graph obtained from
the path Pn−2 (indexed by the natural order of 1, 2, . . . , n − 2) by adding two pendant edges at vertices 2
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and n − 3. Let Guv be the graph obtained from G by subdividing the edge uv of G. If uv lies on an internal
path of G, then λ1(Guv) λ1(G).
Let n,m, R be the number of vertices, the number of edges and the vertex–edge incidence matrix
of a graph G. The following relations are well-known:
RRT = A + D, RTR = AL + 2I, (1)
where AL is the adjacency matrix of the line graph L(G) of G. Since non-zero eigenvalues of RR
T and
RTR are the same, from (1), we immediately obtain:
PL(G)(λ) = (λ + 2)(m−n)QG(λ + 2). (2)
Corollary 1. If twographsG andG′areQ-cospectral, then their line graphs L(G)and L(G′)areA-cospectral.
Let NG(H) be the number of subgraphs of a graph Gwhich are isomorphic to H and let NG(i) be the
number of closed walks of length i in G. Let N′H(i) be the number of closed walks of length i ofH which
contain all edges and let Si(G) be the set of all connected graphs such H with N
′
H(i) /= 0 where G has
at least one subgraph isomorphic to H. Then:
NG(i) =
∑
H∈Si(G)
NG(H)N
′
H(i). (3)
The following useful lemma can be obtained from the Eq. (3) and it provides some formulaes for
calculating the number of closed walks of small lengthes.
Fig. 1. Non cycles with N′G(7) > 0.
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Lemma 7. (i) NG(2) = 2m,NG(3) = 6NG(K3),
(ii) NG(4) = 2m + 4NG(P3) + 8NG(C4),NG(5) = 30NG(K3) + 10NG(C5) + 10NG(G1),
(iii)NG(7) = 126NG(K3) + 84NG(G1) + 14NG(G2) + 14NG(G3) + 14NG(G4) + 28NG(G5) +
42NG(G6) + 28NG(G7) + 112NG(G8) + 70NG(C5) + 14NG(C7) (see Fig. 1).
Lemma 8. LetH andG benon-isomorphic A-cospectral graphs and let G = K(a, b, c)withmin{a, b, c} 2.
Then H is of type Hi for some 1 i 12. (see Fig. 2)
Proof. Since the largest eigenvalue of each path is less than 2, by deleting any vertex of degree 3 of
G and using Lemma 1, we can see that the second largest eigenvalue of G is less than 2. So λ2(H) =
λ2(G) < 2. Since 2 is an eigenvalue of each cycle, by Lemma 4,H has atmost one non-tree component.
Moreover by Lemmas 3 and 7, H and G have the same number of triangles. Let xi be the number of
vertices of degree i of H and let  be the maximum degree of H. By Lemma 3, G and H have the
same number of vertices and edges. Hence
∑
i=0 xi = n, and
∑
i=0 ixi = 2n. By Lemmas 3 and 7, we
have 4NH(C4) +∑i=0(i2 − i)xi = 2n + 6. Therefore ∑i=0(i2 − 3i + 2)xi + 4NH(C4) = 6. Thus for
i 5, xi = 0 and x4 = 0 or 1. If x4 = 1, then x0 = x3 = NH(C4) = 0, x1 = 2 and x2 = n − 3. Since
NG(K3) = NH(K3) = 1,H is of type H1 or H2. Now let x4 = 0. Then NH(C4) = 0 or 1. If NH(C4) = 1,
then x0 + x3 = 1. Since λ2(H) < 2 and any cycle has 2 as an eigenvalue, H has a component which
has both C3 and C4 as subgraphs, in contradiction with the fact that x3  1 and xi = 0 for i 4. So
NH(C4) = 0 and x0 + x3 = 3. If x3 = 0, then x0 = 3, x1 = −6 and x2 = n + 3, which is impossible. If
x3 = 1, thenx0 = 2, x1 = −3andx2 = n,which is again impossible. Ifx3 = 2, thenx0 = 1, x1 = 0and
x2 = n − 3. Since NH(K3) = 1,H is of type H3 or H4. If x3 = 3, then x0 = 0, x1 = 3 and x2 = n − 6.
If H is the line graph of a T-shape tree, then by Theorem 1, H is isomorphic to G. Otherwise, since
λ2(H) < 2,H is of type Hi for some 5 i 12. 
Lemma 9. Let f be a natural number. Two graphs G = G9(f ) and H = K(f + 1, f + 1, 2f + 1) are A-
cospectral (see Fig. 3).
Proof. Let v be the vertex of G = G9(f ) that indexed in Fig. 3 by 2f + 4. By using Lemma 2, we have
PG(λ) = PPf (λ)(λPP3f+2(λ) − PPf−1(λ)PP2f+2(λ) − PPf (λ)PP2f+1(λ)
−PP3f+1(λ) − 2PPf−1(λ)PP2f+1(λ) − 2PPf (λ) − 2PPf−1(λ)). (4)
Using Lemma 2, we ﬁnd that
PH(λ) = PP2f+2(λ)(λPP2f (λ) − PPf−1(λ)) − 2PP2f (λ)PPf (λ)(PPf (λ) + PPf+1(λ)).
Since PP2f+1(λ) = λPP2f (λ) − PP2f−1(λ) and PP2f+1(λ) = PPf (λ)PPf+1(λ) − PPf (λ)PPf−1(λ), we obtain
PH(λ) = PPf (λ)(PP2f+2(λ)(PPf+1(λ) − PPf−1(λ)) − 2PP2f (λ)(PPf (λ) + PPf+1(λ))). (5)
Letλ = t1/2 + t−1/2. SincePPn(λ) = t−n/2(tn+1 − 1)/(t − 1) (see [4]),Using (4) and (5)wecaneasily
verify that
PG(t
1/2 + t−1/2)/PPf (t1/2 + t−1/2) − PH(t1/2 + t−1/2)/PPf (t1/2 + t−1/2) = 0,
which completes the proof. 
3. Main results
Using the previous facts, ﬁrst we investigate the graphs which are A-cospectral to the line graph of
a given T-shape tree. Then we identify all graphs which are Q-cospectral to a given T-shape tree.
Lemma 10. Let G = K(1, b, c) withmin{b, c} 2. Then G is determined by its adjacency spectrum.
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Fig. 2. Graphs may be A-cospectral to K(a, b, c).
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Fig. 3. Graph A-cospectral to K(f + 1, f + 1, 2f + 1).
Proof. LetH be cospectral toGwith respect to the adjacencymatrix and let xi be the number of vertices
of degree i ofH. By Lemma 3, G andH have the same number of vertices and edges. Hence
∑
i=0 xi = n
and
∑
i=0 ixi = 2n. By using Lemmas 3 and 7, we have 4NH(C4) +
∑
i=0(i2 − i)xi = 2n + 4. Thus∑
i=0(i2 − 3i + 2)xi + 4NH(C4) = 4. Therefore for i 4, xi = 0 and NH(C4) = 0 or 1. If NH(C4) = 1,
then x0 = x3 = 0, x1 = 0 and x2 = n. So any component of H is a cycle. Since H and G have the
same number of triangles, H has both C3 and C4 as components, in contradiction with the fact that
λ2(G) < 2. Now let NH(C4) = 0. Then x0 + x3 = 2. If x3 = 0, then x0 = 2, x1 = −4 and x2 = n + 2,
which is impossible. If x3 = 1, then x0 = 1, x1 = −1 and x2 = n − 1, which is again not possible. If
x3 = 2, then x0 = 0, x1 = 2 and x2 = n − 4. If H is the line graph of a T-shape tree, then by Theorem
1, H is isomorphic to G. Otherwise, Since λ2(H) < 2, at most one of its component is not tree. So H is
of type Gi for i = 10, 11, 12 (see Fig. 4). Let i = 10, 11, using Lemma 7, Hi and G have 40 and 50 closed
walks of length 5, respectively, which is false as we assumed that Hi and G have the same number
of closed walks of any length. If i = 12, then we can successively subdivide certain edges of H in an
appropriate way, to obtain graph H˜, such that G can be embedded in H˜ as a proper subgraph. So by
Lemma 6, λ1(H) λ1(H˜) and by Lemma 4, λ1(H˜) > λ1(G). Hence λ1(H) > λ1(G), in contradiction
with the fact that H and G are cospectral. 
Lemma 11. Let G = K(1, 1, c) and let c  2. Then G is determined by its adjacency spectrum.
Proof. Let H be cospectral to G with respect to the adjacency matrix. Let xi be the number of vertices
of degree i ofH. By Lemma 3, G andH have the same number of vertices and edges. Hence
∑
i=0 xi = n
and
∑
i=0 ixi = 2n. Using Lemmas 3 and 7, we have 4NH(C4) +
∑
i=0(i2 − i)xi = 2n + 2. Therefore∑
i=0(i2 − 3i + 2)xi + 4NH(C4) = 2. So for i 4, xi = 0,NH(C4) = 0 and x0 + x3 = 1. If x3 = 0, then
x0 = 1, x1 = −2 and x2 = n + 1, which is impossible. If x3 = 1, then x0 = 0, x1 = 1 and x2 = n − 2.
Since G andH have the same number of triangles,H is the line graph of a T-shape tree and by Theorem
1, H is isomorphic to G. 
Theorem 2. Let G = K(a, b, c) with min{a, b, c} 2. Let H be A-cospectral to G and let L1 (resp. L2) is
a graph on 13 vertices of type H1 with P6 as a component (resp. a graph on 7 vertices of type H4). Then
H is of type H6 or (G,H) ∈ {(K(2, 4, 7), L1), (K(2, 2, 3), L2), (K(3, 3, 7),H14 + P6), (K(2, 4, 7),H13 + P6)}
(see Fig. 5).
Proof. LetH be a graph and letG andH be A-cospectral. By Lemma 8,H is of typeHi for some 1 i 12.
Using Lemma 7, we haveNG(5) = 60 andNG(7) = 420 + 14NG(G3). we consider the following cases:
(i) Let H be of type H1. If H does not have C5 as a subgraph, then NH(5) = 50, contradicting to the
fact thatH andG have the samenumber of closedwalks of any length. ThereforeH has C5 as a subgraph
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Fig. 4. Graphs with the second largest A-eigenvalue less than 2 and vertex degree 3, 3, 2, . . . , 2, 1, 1.
Fig. 5. Non-tree components of graphs A-cospectral to K(2, 4, 7) and K(3, 3, 7).
and so NH(7) = 448. In this case two graphs G = K(2, 4, 7) and H are A-cospectral where H is a graph
on 13 vertices of type H1 with P6 as a component.
(ii) IfH is of typeH2, thenNH(5) = 50. IfH is of typeH3, thenNH(5) = 40 forn /= 9andNH(5) = 50,
otherwise. Both of them are contradictions, as we are assuming that H and G have the same number
of closed walks of length 5.
(iii) Let H be of type H4. If n /= 6 or 7, then NH(5) = 50, which is not true. So (n,NH(7)) ∈{(6, 448), (7, 434)}. In this case two graphs G = K(2, 2, 3) and H are cospectral where H is a graph
on 7 vertices of type H4.
(iv) LetH be of typeH5. ThenNH(5) = 50,whenH has C5 as a subgraph andNH(5) = 40, otherwise.
This is impossible.
(v) Let H be of type H7. Then NH(5) = 50, when H does not have C5 as a subgraph, a contradiction.
So H has C5 as a subgraph. It is easy to see that there is no such graph cospectral to G.
(vi) Let H be of type H8 or of type H10 without C5 as a subgraph. Then NH(5) = 50, which is false.
Now let H be of type H10 with C5 as a subgraph. So NH(7) = 420 or 434. It is easy to see that λ1(H)
is greater than the largest adjacency eigenvalue of K(2, 2, 2) and so NH(7) = 434 and G = K(2, 2, c)
for some natural c > 2. Let D be a graph obtained by adding two new disjoint vertices to the vertex of
degree 1 that does not have any neighborhood of degree 3 of K(2, 2, 4). One can successively subdivide
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Fig. 6. Graph Q-cospectral to T(f , f , 2f − 1).
certain edges of D in an appropriate way, to obtain graph D˜, such that G can be embedded in D˜ as a
proper subgraph. So by Lemma 6, λ1(D) λ1(D˜) and by Lemma 4, λ1(D˜) > λ1(G). By easy task we
can see that λ1(H) λ1(D) and so λ1(H) > λ1(G), a contradiction.
(vii) Let H be of type H9 or H11. Then NH(5) = 40 or 50, which is not true.
(viii) Let H be of type H12. If NH(5) = NG(5) = 60, then NH(C5) = 1. It is easy to see that NH(7) ∈{448, 462}. If NH(7) = 448, then H = H13 + P6 and it is cospectral to G = K(2, 4, 7). If NH(7) = 462,
then H = H14 + P6 and it is cospectral to G = K(3, 3, 7). 
Using the previous facts, we ﬁnd all graphs which are Q-cospectral to a given T-shape tree.
Theorem 3. Let G = T(a, b, c) be a T-shape tree with c  b a 1 and let W be cospectral to G with
respect to the signless Laplacian matrix. Then
(i) If a = 1, then (G,W) = (K1,3, K3 + P1).
(ii) If a 2, then (G,W) = (T(f , f , 2f − 1), G13(f )) for some natural number f (see Fig. 6).
Proof. Let G andW be Q-cospectral. By Corollary 1 the line graphs L(G) and L(W) are A-cospectral. It
is easy to see that K1,3 and K3 + P1 are Q-cospectral. If a = 1 and G /= K1,3 then, by Lemmas 10 and 11,
L(G) and L(W) are isomorphic. IfW is a connected graph, then by Lemma 5, G andW are isomorphic.
Otherwise, one of the components ofW is T-shape tree and all other components are isolated vertices,
which contradicts to the fact thatW and G have the same number of vertices and edges. Now let a 2.
By Theorem2,H = L(W) is of typeH6 or (L(G),H) ∈ {(K(2, 4, 7), L1), (K(2, 2, 3), L2), (K(3, 3, 7),H14 +
P6), (K(2, 4, 7),H13 + P6)}. It is clear that each of L1,H13 + P6 or H14 + P6 can not be the line graph of
any graph and if (L(G),H) = (K(2, 2, 3), L2), then (G,W) = (T(2, 2, 3), G13(2)). Now let H = L(W) be
of type H6.
Using Lemma 7, NH(5) = 70, when H has C5 as a subgraph and NH(5) = 60, otherwise. Since L(G)
and H have the same number of closed walks of length 5, H does not have C5 as a subgraph. The
number of zero eigenvalues of the signless Laplacian matrix of each graph is equal to the number
of its bipartite components. Since W has one bipartite graph as a component, H has an odd cycle
Cl as a subgraph (see Fig. 7). If x a, then we can subdivide certain edges of the cycle Cl in an
appropriate way, to obtain graph H˜, such that L(G) can be embedded in H˜ as a proper subgraph. So
by Lemma 6, λ1(H) λ1(H˜) and by Lemma 4, λ1(H˜) > λ1(L(G)). Hence λ1(H) > λ1(L(G)) which
contradicts to the fact that H and L(G) are A-cospectral. So x < a. If x(l − 1)/2, then Sl(H) =
Sl(L(G)) ∪ {Cl} and for each K ∈ Sl(L(G)),NH(K)NL(G)(K). So by the equation (3), NH(l) > NL(G)(l),
contradicting to the fact that H and L(G) have the same number of closed walks of any length. If
x < (l − 3)/2, then S(2x+3)(H) = S(2x+3)(L(G)),NL(G)(Kx) > NH(Kx) and NL(G)(K) = NH(K) for each
K /= Kx in S(2x+3)(H). Hence by the equation (3) we have NL(G)(2x + 3) > NH(2x + 3), which is
again a contradiction. Hence x = (l − 3)/2. Since a > x if b > x + 1, then S2x+5(K(x + 1, x + 1, 2x +
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Fig. 7. Graphs are used in the proof of Theorem 3.
1)) = S2x+5(L(G)) and for each K ∈ S2x+5(L(G)),NL(G)(K)NK(x+1,x+1,2x+1)(K). On the other hand
NL(G)(Kx+2) > NK(x+1,x+1,2x+1)(Kx+2) and so by (3), NL(G)(2x + 5) > NK(x+1,x+1,2x+1)(2x + 5). By
Lemmas 3 and 9, we have NG9(x)(2x + 5) = NK(x+1,x+1,2x+1)(2x + 5), in contradiction with the fact
that NG9(x)(2x + 5) = NL(H)(2x + 5) = NL(G)(2x + 5). Therefore a = b = x + 1. Since λ1(L(G)) =
λ1(H) = λ1(G9(x)) = λ1(K(x + 1, x + 1, 2x + 1)), wehave c = 2x + 1. SoW isG13(f ) for f = x + 1.

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